
 
 
 
 

M1-1  
 

 

Marking Scheme Q1 (10 points) 

Part A (3.0 pt)                      If the final answer is written then the complete point will be achieved 

A-1 
𝑆0 = 𝜎𝑇S4. (

𝑅S
𝑑
)
2

 (0.4pt), 
[Realizing energy conservation (0.1pt)] 
Numerical value of 𝑆0 = 1.35 × 103 W/m2 (0.2pt)  
[more than 4 significant figures (0.1pt)] 

0.6 pt 

A-2 
𝑇E = (𝑆0

4𝜎
)
1
4 = √𝑅S

2𝑑
𝑇S (0.4pt), 

[realizing energy balance (0.1pt)] 
Numerical value of 𝑇E = 278  K (0.2pt) 
[more than 4 significant figures (0.1pt)] 

0.6 pt 

A-3 𝑓(𝑥) = 5(1 − 𝑒−𝑥) − 𝑥 0.4 pt 
A-4 𝑥m = {4.96,4.97} (0.3 pt), 

[more than 4 significant figures (0.2pt)] 
Numerical value of 𝑏 =  [2.89,2.90] × 106 nm.K (0.1 pt) 
[more than 4 significant figures (0.1pt)] 

0.4 pt 

A-5 𝜆maxSun = [5.01, 5.02] × 102 nm(0.1 pt), 
𝜆maxEarth = 1.04 × 104 nm(0.1 pt) 
[more than 4 significant figures (0.1pt)] 

0.2 pt 

A-6 
𝛾 = ( 𝑑

𝑅S
)
2
× (𝑇E

𝑇S
)
5
= (𝜆S

𝜆E
)
5
× ( 𝑑

𝑅S
)
2
  (0.6 pt), 

[realizing �̃�S = (
𝑅S
𝑑
)
2
𝑢S(𝜆)(0.3pt)]  

Numerical value of 𝛾 = [1.20,1.21] × 10−2 (0.2 pt) 
[more than 4 significant figures (0.1pt)] 

0.8 pt 

 

Part B (7.0 pt) 

B-1 
𝑇𝐴 = (

(1−𝑟A)
𝑆0
4

𝜎
)

1
4

                                 

 𝑇E = (
(1−𝑟A)

𝑆0
2

𝜎
)

1
4

 

Two correct expressions (0.8 pt) 
[One correct expression (0.6 pt)] 
[no correct expression: for each energy balance relation (0.2pt)] 
Numerical value of 𝑇A =  2.58 × 102 K  (0.1 pt) 
Numerical value of 𝑇E = 3.07 × 102 K  (0.1 pt) 
[more than 4 significant figures (0.1pt)] 

1.0 pt 

B-2 𝛼 = 𝑟A +
(1−𝑟A)2𝑟E
1−𝑟A𝑟E

   (1.4pt) 

[�̃�0=𝑟A𝑆0 (0.1 pt) 
�̃�1 = (1 − 𝑟A)2𝑟E𝑆0 =

(1−𝑟A)2

𝑟A
 𝑟E�̃�0  (0.3 pt)    

1.6 pt 



 
 
 
 

M1-2  
 

�̃�𝑛 =
�̃�𝑛−1
1−𝑟𝐴

𝑟A𝑟E  × (1 − 𝑟A) = 𝑟A𝑟E�̃�𝑛−1 = (𝑟A𝑟E)𝑛−1�̃�1   (0.5 pt) 

�̃� = ∑ �̃�𝑛∞
𝑛=0 = �̃�0 + �̃�1 ∑ (𝑟A𝑟E)𝑛−1∞

𝑛=1       (0.3 pt)] 
Numerical value of 𝛼 = 3.13 × 10−1 (0.2pt) 
[more than 4 significant figures (0.1pt)] 

B-3 
𝑇E = [ (1−𝛼)

2𝜎(2−𝜖)
𝑆0]

1
4   (0.6pt) 

Numerical value of 𝜖 = [8.07, 8.11] × 10−1 (0.4pt) 
[wrong numerical value: correct expression for 𝜖 (0.2pt)] 
[more than 4 significant figures (0.3pt)] 

1.0 pt 

B-4 𝑑𝑇E
𝑑𝜖

= 1
4
[(1−𝛼)𝑆0
2𝜎(2−𝜖)

]
1
4 1
(2−𝜖)

 (0.6 pt), 
Numerical value of 𝛿𝑇E = [4.87,4.92] × 10−1 K (0.2pt) 
[more than 4 significant figures (0.1pt)] 

0.8 pt 

B-5 
𝜖 = 

𝜎𝑇E
4−(1−𝛼)𝑆04  

𝜎(𝑇E
4−𝑇A

4)
    (0.6pt) 

 

𝑘 =
(2𝑇A

4−𝑇E
4)×[𝜎𝑇E

4−(1−𝛼)𝑆04  ]

(𝑇E
4−𝑇A

4)×(𝑇E−𝑇A)
      (0.6pt) 

[Correct relations for balance of energy (0.3+0.3 pt)] 
Numerical value of 𝜖 = [8.47,8.52] × 10−1 (0.2pt) 
Numerical value of 𝑘 = [3.57,3.66] × 10−1   W/m2K  (0.2pt) 
[more than 4 significant figures for each one (0.1pt)] 

1.6 pt 

B-6 (a) (0.4+0.4) 

{
 
 

 
 𝜖 [ 1

𝑇E−𝑇A
+ 4𝑇E

3

2𝑇A
4−𝑇E

4]
𝑑𝑇E
𝑑𝜖  = 1 + 𝜖 [

8𝑇A
3

2𝑇A
4−𝑇E

4 +
1

𝑇E−𝑇A
] 𝑑𝑇A𝑑𝜖

1 + 𝜖 [ 4𝑇E
3

𝑇E
4−𝑇A

4 −
4𝜎𝑇E

3

𝜎𝑇E
4−(1−𝛼)𝑆04

] 𝑑𝑇E𝑑𝜖  =
4𝑇A

3

𝑇E
4−𝑇A

4 𝜖
𝑑𝑇A
𝑑𝜖

 (0.6 pt) 

 
(b) 𝛿𝑇E = [5.21 , 5.28] × 10−1K (0.2pt) 
[more than 4 significant figures for each one (0.1pt)] 

1.0 pt 
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Marking Scheme Q2 (10 points) 

Part A (5.6 pt) 

A-1   
(a) �⃗� (𝑥, 𝑦, 𝑧) = −𝜆𝑥

4𝜖0𝑅2 �̂� + −𝜆𝑦
4𝜖0𝑅2 �̂� + 𝜆𝑧

2𝜖0𝑅2 �̂�   (1.0 pt) 

[z-component (0.5 pt), x- and y- components (0.5 pt), wrong 
coefficient for each component (-0.1 pt), wrong sign for each 
component (-0.2 pt)] 

 
 

1.5 pt 

(b) 
𝜔𝑥 = 𝜔𝑦 = √ 𝑄𝜆

4𝜖0𝑅2𝑚
    (0.5 pt) 

 
 

A-2 𝑎 = 𝑄𝑢
2𝜖0𝑅2𝑚Ω2     (0.2 pt)  

𝑘 =  √ 𝑄𝜆0
2𝜖0𝑅2𝑚

     (0.2 pt) 
0.4 pt 

A-3  
�̈� = 𝑝𝑎Ω2 cos Ω𝑡  (1.0 pt) 

[each of the 3 approximations (0.3 pt), the final equation (0.1pt)] 

𝑞 = −𝑝𝑎 cosΩ𝑡 (0.8 pt)   

[general solution (0.4 pt), fixing the free parameters in the general 
solution each (0.2 pt)] 

 
 
 

1.8 pt 

A-4 �̈�(𝑡) = (𝑘2 − 𝑎2Ω2

2
) 𝑝   (1.2 pt) 

[Correct approach (0.6 pt), Correct result (0.6 pt)] 
Ω > √2 𝑘

𝑎
   (0.3 pt) 

 

1.5 pt 

A-5 𝑘 = 2 × 105 rad/s (0.2 pt) 
 
Ωmin ≃ 7 × 106 rad/s (0.2 pt) 
[ inappropriate number of significant figures (-0.1 pt)] 

0.4 pt 

 

 Part B (4.4 pt) 

B-1 Γ = 1
𝜏

 (0.5 pt) 
[Answers with different numerical coefficients should be considered as 
correct answers] 

0.5 pt 



 
 
 

M2-2  
 

B-2 𝑠+ = 𝑠L + 𝛼𝜔L
𝑣
𝑐
   (0.5 pt) 

𝑠− = 𝑠L − 𝛼𝜔L
𝑣
𝑐
   (0.5 pt) 

[correct Doppler shift each (0.3 pt), final answer each (0.2 pt)]  

𝜋+ = 𝑠+ × (−ℏ𝑘+) (0.1 pt) 

𝜋− = 𝑠− × (+ℏ𝑘−) (0.1 pt) 

𝐹 = −(2𝛼ℏ𝑘L
2)𝑣  (0.5 pt) 

1.7 pt 

B-3 {
𝑝 = 0

𝑝 = +2ℏ𝑘L
 (0.5 pt) 

[one correct answer (0.3 pt)] 

𝑃in = ℏ2𝑘L
2

𝑚𝜏
   (0.5 pt) 

1.0 pt 

B-4  𝑃out = −2𝛼ℏ𝑘L
2𝑣2 (0.3 pt) 

𝑣2̅̅ ̅ = ℏΓ
2𝛼𝑚

 (0.3 pt) 

𝑇 = ℏΓ
2𝛼𝑘B

 (0.2 pt) 

[Answers with different numerical coefficients should be considered as 
correct answers] 

0.8 pt 

B-5 𝑇 = 2 × 10−4 K  (0.4 pt) 
[according to the coefficient used in the part B.4, the resulting temperature 
might be different.]  

0.4 pt 
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Marking Scheme Q3 (10 points) 

Part A (5.0 pt) 

A-1 

Φ(𝑥, 𝑦) = −
𝐺𝑀1

√(𝑥 + 𝑀2
(𝑀1 + 𝑀2) 𝑎)

2
+ 𝑦2

−
𝐺𝑀2

√(𝑥 − 𝑀1
(𝑀1 + 𝑀2) 𝑎)

2
+ 𝑦2

−
1
2

𝐺(𝑀1 + 𝑀2)
𝑎3 (𝑥2 + 𝑦2) 

[Gravitational part (0.5 pt)] 
[Centrifugal part (0.5 pt)] 

1.0 pt 

A-2 

[Correct behavior at infinity (0.1 pt)] 
[Three maximums (0.3 pt)]  
[Two vertical asymptotes (0.3 pt)] 

0.7 pt 

A-3 

𝑥0
𝑎

= 0.36 
[In case of obtaining correct equation but not solving it (0.2 pt)] 
[Obtaining the numerical result with one decimal figure (0.3 pt)] 

0.5 pt 

A-4 

�̇� = −2𝛽𝑎 ( 1
𝑀1

− 1
𝑀2

) (0.3 pt) 
 

�̇� = −6𝜋√ 𝑎3

𝐺𝑀
𝛽 ( 1

𝑀1
− 1

𝑀2
) (0.3 pt) 

 
[Only correct approach (conservation of momentum) (0.2 pt)] 
 

0.6 pt 

A-5 
𝑇 =  (

𝐺𝑀1𝛽
8𝜋𝜎𝑟3)

1
4

 

[Correct approach (Energy relation) (0.5 pt)] 
[Correct solution (0.5 pt)] 

1.0 pt 

A-6 

𝑎 = [𝑃2𝐺(𝑀S+𝑀NS)
4𝜋2 ]

1
3   (0.3 pt) 

𝑇 = ( 500𝜋𝑀NS𝛽
𝜎𝑃2(𝑀S+𝑀NS))

1
4  (0.1 pt) 

 
𝑇 = 9 × 103  K (0.1 pt) 
[If the final answer for T is correct the complete pt will be given] 

0.5 pt 

A-7 

 

𝐸′ = 1
2

𝜇′𝑣′2 − 𝐺𝑀1
′𝑀2

𝑎
< 0    (0.2 pt) 

𝑣𝑚𝑎𝑥
′ = √2𝐺(𝑀1

′+𝑀2)
𝑎

    (0.2 pt) 

 
𝑣′ = 𝑣    (0.2 pt) 
 
𝑀1

′
𝑚𝑖𝑛 = 𝑀1−𝑀2

2
    (0.1 pt) 

0.7 pt 
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Part B (5.0 pt) 

B-1 𝑔 = − 4𝜋𝐺𝜌c𝑟
3

 0.2 pt 

B-2 

ℎ1(𝜌, 𝑟) = 𝑟2𝜌𝛾−2 

    ℎ2(𝑟) = 4𝜋𝐺𝑟2

𝐾𝛾
 

[�⃗� = − 𝐺𝑀(𝑟)𝜌
𝑟2 A Δ𝑟 − Δ𝑝𝐴 = 0  (0.3 pt)] 

0.6 pt 

B-3 𝑟0 = 𝐺−1
2𝑝c

1
2𝜌c

−1 0.4 pt 

B-4 

𝐴1(𝑢, 𝑥) = 𝑥2𝑢𝛾−2   

𝐴2(𝑥) =
4𝜋𝑥2

𝛾
 

The answer would be correct up to a constant coefficient 

0.3 pt 

B-5 
𝑓(𝑥) = 𝐴 sin(√2𝜋𝑥) + 𝐵cos(√2𝜋𝑥)  (0.3 pt) 
𝐴 = 1

√2𝜋
 (0.2 pt)   &      𝐵 = 0  (0.1 pt) 

0.6 pt 

B-6 

𝑢′(0) = 0 (0.1 pt) 

lim
𝑥→0

𝑢′(𝑥)
𝑥

= 𝑢″(0) (0.4 pt) 

𝛾 = − 4𝜋
3𝑢″(0) (0.2 pt) 

𝛾~1.66  (0.1 pt) 
 

0.8 pt 

B-7 

�̃� ≃ 𝜌(1 − 3𝜖) (0.6 pt)    
[�̃� = 𝜌(1 + 𝜖)−3(0.4pt)] 
�̃� ≃ 𝑔(1 − 2𝜖) (0.3 pt) 
[�̃� = 𝑔(1 + 𝜖)−2(0.2pt)] 

0.9 pt 

B-8 �̈̃� = �̃� − 𝑘𝛾�̃�𝛾−2 ∂�̃�
∂�̃�

 
 

0.6 pt 

B-9 

𝜖̈ = − 4𝜋𝐺𝜌c
3

(3𝛾 − 4)𝜖      (0.4 pt)        
 
γmin = 4

3
      (0.1 pt) 

 

𝜔 = √4𝜋𝐺𝜌c
3

(3𝛾 − 4)   (0.1 pt) 

  

0.6 pt 

 



 

Problem E1- Solution 

Heat Conduction in a Copper Rod (10 points) 
 
 
 

0 1 2 3 4 5 6 7 8 9 

0 1 2 3 4 5 6 7 8 9 

Part A: The short copper rod (3.9 points) 
A.1 (0.2 pt) 

𝑅𝑒𝑛 = 110.11 ± 0.01 Ω   𝜃𝑒𝑛 =
𝑅 − 𝑅0

𝑅0𝛼  

𝜃𝑒𝑛 = 25.87 ± 0.03 ℃  
 

 

A.2 (0.5 pt) 
n 𝑅(Ω) 𝑡(𝑠) 
1 110.11 1 
2 110.11 10 
3 110.15 20 
4 110.18 30 
5 110.26 40 
6 110.4 50 
7 110.53 60 
8 110.66 70 
9 110.82 80 

10 110.96 90 
11 111.12 100 
12 111.25 110 
13 111.41 120 
14 111.57 130 
15 111.73 140 
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A.3 (0.8 pt)  
 

 
 
 

∆𝑅/∆𝑡 0.0147  Ω/𝑠 ∆𝜃
∆𝑡

=
1

𝑅0𝛼
∆𝑅
∆𝑡

 

 

𝐶𝑠 = 𝑃1
∆𝜃
∆𝑡

     , ∆𝐶𝑠 ≈ 𝐶𝑠
∆𝑃1
𝑃1

 

∆𝜃/∆𝑡 0.03761 ℃/𝑠 

𝐶𝑠  52 ± 2  J/℃ 
 

 
A.4 (0.5pt) 

n 𝑅(Ω) 𝑡(𝑠) (𝑅 − 𝑅𝑒𝑛)(Ω) 

1 119.98 40 9.82 
2 119.17 175 9.01 
3 118.39 300 8.23 
4 117.29 500 7.13 
5 116.58 650 6.42 
6 115.91 800 5.75 
7 115.15 1000 4.99 
8 114.51 1200 4.35 
9 113.91 1400 3.75 

10 113.40 1600 3.24 
 

 

y = 0.0147x + 109.65
R² = 0.9991

110

110.2

110.4

110.6

110.8

111

111.2

111.4

111.6

111.8

112

0 20 40 60 80 100 120 140 160

R 
(o

hm
)

t(s)

S2-1 



 

 

A.5 (0.7 pt) 

 
𝛾 = (710 ± 3) × 10−6 𝑠−1 

 

 

A.6 (0.5 pt) 

n 𝑅(Ω) 𝑅9(Ω) 𝑇(𝑘) 
1
𝑇 (

1
𝑘) 

1 8528 110.78 300.733 0.003325 
2 7020 112.81 305.9272 0.003269 
3 4005 117.83 318.772 0.003137 
4 3601 119.13 322.0984 0.003105 
5 3014 120.96 326.7808 0.00306 
6 2658 122.27 330.1328 0.003029 
7 1803 126.42 340.7515 0.002935 
8 1547 128.09 345.0245 0.002898 
9 1296 130.00 349.9117 0.002858 

10 1246 130.45 351.0631 0.002848 
 

 

y = 10.163473e-0.000710x

R² = 0.999847

2

4

8

0 200 400 600 800 1000 1200 1400 1600

R-
Re

nv
 (o

hm
)

t (s)
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A.7 (0.7 pt) 

 
 
 𝐸𝑔 = 0.698 ±  0.007  𝑒𝑉 

 

 

Part B: The long copper rod (4.1 points) 
B.1 and B.5 
𝜃𝑏 =   24.41℃ 
                

B.1 (0.4pt) B.5 (0.4pt) 

n 𝑥(𝑐𝑚) 𝜃𝑥(℃) 𝜃𝑥 − 𝜃b(℃) 𝐵(1)𝑒𝜆(0)𝑥(℃) 𝜃′𝑥 − 𝜃b(℃) 

1 0 44.61 17.23 0.27 16.96 
2 7 39.37 11.99 0.37 11.62 
3 14 35.92 8.54 0.51 8.03 
4 21 33.58 6.20 0.72 5.48 
5 28 31.98 4.60 1.00 3.60 
6 35 31.02 3.64 1.39 2.25 
7 42 30.68 3.30 1.93 1.37 

 
 
 

  

y = 0.01227e4,051.75746x

R² = 0.99926

1
2
4
8

16
32
64

128
256
512

1024
2048
4096
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16384

0.0028 0.0029 0.003 0.0031 0.0032 0.0033 0.0034

R9
 (o

hm
)

1/T (1/k)
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B.2 (0.4 pt) 

 
 

B.3 (0.6 pt) 
𝐴(0) = 16.87 ℃ 

 
B.4 (0.4 pt) 

𝐵 = 𝐴𝑒−2𝜆𝑑  

𝜆(0) = 0.047 ±    0.005        (
1

𝑐𝑚
) 𝐵(1) = 0.266℃ 

B.6 (1.0 pt) 

𝐴(1) = 17.91℃ 

𝜆(1) = 0.059 ±  0.002 ( 1
𝑐𝑚

)   

 
 

y = 16.86704e-0.04715x

R² = 0.99858

1

10

100

0 10 20 30 40 50

𝜃𝑥
−
𝜃b

(C
)

x (cm)

y = 17.91e-0.059x

R² = 0.9976

1.00

10.00

100.00

0 5 10 15 20 25 30 35 40 45

𝜃𝑥
−
𝜃b

(C
)

x (cm)

S5-1 



 

B.7 (0.9 pt) 

𝑃2 = ∫ 2𝜋𝑟ℎ(𝜃𝑥 − 𝜃b)𝑑𝑥 42.5𝑐𝑚
−0.5𝑐𝑚      or    ∫ 2𝜋𝑟ℎ(𝜃𝑥 − 𝜃b)𝑑𝑥 𝑑

0 = 2𝜋𝑟ℎ𝐴
𝜆

(1 − 𝑒−2𝜆𝑑) 

ℎ = 𝑃2𝜆
2𝜋𝑟𝐴(1−𝑒−2𝜆𝑑)

  ,  𝑘 = 2ℎ
𝜆2𝑟

 , 𝑃2 = 4.5 𝑊 

𝜆 = 0.053 ±  0.008 ( 1
𝑐𝑚

) ,  ℎ = 0.0037 ±  0.0003 𝑊
𝑘 𝑐𝑚2  , 𝑘 = 3.9 ±  0.3  𝑊

𝑘 𝑐𝑚
 

C.1 (0.4 pt) 

𝜃𝑏 = 27.38℃             

n 𝑥(𝑐𝑚) 𝜃𝑥(℃) (𝜃𝑥 − 𝜃𝑏)(℃) B-1 C-B Reversed 
order 

1 0 46.02 18.64 17.23 1.41 9.73 
2 7 40.99 13.61 11.99 1.62 6.69 
3 14 38.04 10.66 8.54 2.12 4.58 
4 21 36.67 9.29 6.2 3.09 3.09 
5 28 36.56 9.18 4.6 4.58 2.12 
6 35 37.71 10.33 3.64 6.69 1.62 
7 42 40.41 13.03 3.3 9.73 1.41 

C.2 (0.6 pt) 

 
(The blue plots are not necessary to draw) 

 

 

y = 0.015x2 - 0.7562x + 18.441
R² = 0.9973
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C.3 (1.0 pt) 
 

1) 𝑃3
𝑃2

=
𝑑𝜃
𝑑𝑥  𝑥=42𝑐𝑚
𝑑𝜃
𝑑𝑥  𝑥=0𝑐𝑚

=
∆𝜃
∆𝑥  𝑥=42𝑐𝑚
∆𝜃
∆𝑥 𝑥=0𝑐𝑚

= 𝜃7−𝜃6
𝜃0−𝜃1

   

2) 𝑃3
𝑃2

=
𝑑𝜃
𝑑𝑥  𝑥=42𝑐𝑚
𝑑𝜃
𝑑𝑥  𝑥=0𝑐𝑚

= sinh(𝜆(42−𝑥0))
sinh(𝜆𝑥0)

 

3) calculation by integral method or sigma in several parts 
 

4) Slope ((C-B) _ B) 
 
 

 
 
 
 

𝑃3 = 0.60 𝑃2 ± 0.01 𝑃2 
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Problem E2- Solution 
  A.1  

number m 𝜃𝑚 (degrees) √𝑛2 − sin2 𝜃𝑚 − cos 𝜃𝑚 
1 1 9.00 0.5142 
2 2 13.00 0.5188 
3 3 15.75 0.5229 
4 4 18.00 0.5270 
5 5 20.50 0.5322 
6 6 22.25 0.5362 
7 7 24.00 0.5406 
8 9 27.00 0.5491 
9 11 29.75 0.5579 

10 13 32.25 0.5668 
11 16 35.50 0.5798 
12 19 38.50 0.5931 
13 21 40.25 0.6015 
14 23 42.00 0.6105 
15 26 44.25 0.6228 
16 29 46.75 0.6375 
17 31 48.00 0.6453 
18 36 51.25 0.6671 
19 41 54.25 0.6891 
20 46 57.00 0.7110 
21 51 59.50 0.7325 
22 56 62.00 0.7555 
23 61 64.00 0.7750 
24 66 66.25 0.7982 
25 71 68.25 0.8200 
26 75 69.75 0.8371 
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y = 229.10x - 116.84
R² = 0.999982
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  B.1  
number m 𝜃𝑚 (degrees) 𝜃𝑚

2 (rad2) 
1 1 2.50 0.00190 
2 2 4.25 0.00550 
3 3 5.50 0.00921 
4 4 6.50 0.01287 
5 5 7.25 0.01601 
6 6 8.25 0.02073 
7 8 9.50 0.02749 
8 10 10.75 0.03520 
9 12 11.75 0.04206 

10 15 13.25 0.05348 
11 18 14.50 0.06405 
12 20 15.25 0.07084 
13 22 16.00 0.07798 
14 25 17.00 0.08803 
15 29 18.50 0.10426 
16 31 19.00 0.10997 
17 33 19.75 0.11882 

 

  

 

 

  

 

 

 

 

 

 

 

B.2 

𝑚 =
𝐻
2𝜆 (1 −

1
𝑛) 𝜃𝑚

2 
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  C.1  
number m 𝜃𝑚 (degree) 𝜃𝑚

2 (rad2) 
1 1 5.75 0.01007 
2 2 7.75 0.01830 
3 3 9.50 0.02749 
4 4 10.75 0.03520 
5 5 12.00 0.04386 
6 6 13.00 0.05148 
7 7 14.00 0.05971 
8 8 14.75 0.06627 
9 9 15.75 0.07556 

10 10 16.50 0.08293 
11 11 17.25 0.09064 
12 12 18.00 0.09870 
13 13 18.50 0.10426 
14 14 19.25 0.11288 
15 15 19.75 0.11882 

 

  

 

 

  

 

 
 

 

 

 

 

 

 

C.2 

𝑚 =
𝐻
2𝜆 (𝑁 −

𝑁2

𝑛 ) 𝜃𝑚
2
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 D.1             D.3  
number m 𝜃𝑚 (degree) u w 

1 1 13.25 0.00436 0.24795 
2 2 19.00 0.00873 0.24265 
3 3 23.00 0.01309 0.24981 
4 4 26.00 0.01746 0.26200 
5 5 29.00 0.02182 0.26474 
6 6 31.50 0.02619 0.27069 
7 7 33.75 0.03055 0.27653 
8 8 35.75 0.03492 0.28307 
9 10 39.25 0.04365 0.29637 

10 12 42.25 0.05238 0.30973 
11 15 46.25 0.06547 0.32743 
12 18 50.00 0.07857 0.34076 
13 20 52.00 0.08730 0.35289 
14 22 53.75 0.09603 0.36608 
15 25 56.25 0.10912 0.38415 
16 28 58.50 0.12222 0.40213 
17 30 60.00 0.13095 0.41261 
18 32 61.25 0.13968 0.42517 
19 35 63.25 0.15277 0.44072 
20 38 65.00 0.16587 0.45761 
21 40 66.00 0.17460 0.47008 
22 42 67.00 0.18333 0.48193 
23 44 68.00 0.19205 0.49320 
24 46 68.75 0.20078 0.50715 
25 48 69.75 0.20951 0.51739 

 

 

  

 
 
 

 

 

D.2 

u = 𝑚𝜆
ℎ

    w = 
𝑚𝜆

ℎ  (𝑛 + 𝑚𝜆
2ℎ  )

1 − cos 𝜃𝑚
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By removing the first 3 points   
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Theoretical calculations: 

B.2 & C.2: 

𝑚 =
𝐻
𝜆

(√𝑛2 − 𝑁2𝑠𝑖𝑛2𝜃𝑚 − 𝑁𝑐𝑜𝑠𝜃𝑚) −
𝐻
𝜆

(𝑛 − 𝑁)        

𝜃𝑚 ≪ 1 ∶         sin 𝜃𝑚 ≈ 𝜃𝑚     ;          cos 𝜃𝑚 ≈  1 −  
𝜃𝑚

2

2
   

𝑚 =
𝐻
𝜆 (𝑛√1 − 

𝑁2𝜃𝑚
2

𝑛2 − 𝑁 (1 −
𝜃𝑚

2

2 )) −
𝐻
𝜆

(𝑛 − 𝑁)    

𝑚 =
𝐻
𝜆

(𝑛 (1 −  
𝑁2𝜃𝑚

2

2𝑛2 ) − 𝑁 (1 −
𝜃𝑚

2

2 )) −
𝐻
𝜆

(𝑛 − 𝑁)   

𝑚 =  
𝐻
2𝜆

𝑁 (1 −
𝑁
𝑛

) 𝜃𝑚
2  

𝑁 = 1 ∶  𝑚 =  
𝐻
2𝜆

(1 −
1
𝑛

) 𝜃𝑚
2              

D.2: 

𝑚 =
ℎ
𝜆

(√𝑛2 − 𝑁2𝑠𝑖𝑛2𝜃𝑚 − 𝑁𝑐𝑜𝑠𝜃𝑚) −
ℎ
𝜆

(𝑛 − 𝑁)  

𝑚𝜆
ℎ

+ 𝑛 − 𝑁(1 − 𝑐𝑜𝑠𝜃𝑚) = √𝑛2 − 𝑁2𝑠𝑖𝑛2𝜃𝑚 

(
𝑚𝜆
ℎ

)
2

+ 2𝑛(
𝑚𝜆
ℎ

) + 𝑛2 + 𝑁2(1 − 𝑐𝑜𝑠𝜃𝑚)2 − 2𝑁(1 − 𝑐𝑜𝑠𝜃𝑚)(
𝑚𝜆
ℎ

+ 𝑛) = 𝑛2 − 𝑁2𝑠𝑖𝑛2𝜃𝑚 

(
𝑚𝜆
ℎ

)
2

+ 2𝑛 (
𝑚𝜆
ℎ

) + 𝑁2(2 − 2𝑐𝑜𝑠𝜃𝑚) − 2𝑁𝑛(1 − 𝑐𝑜𝑠𝜃𝑚) − 2𝑁(1 − 𝑐𝑜𝑠𝜃𝑚)(
𝑚𝜆
ℎ

) = 0 

𝑚𝜆
ℎ  (𝑛 +  𝑚𝜆

2ℎ  )
1 −  cos 𝜃𝑚

+ 𝑁2 − 𝑁𝑛 − 𝑁 (
𝑚𝜆
ℎ

) = 0 

𝑚𝜆
ℎ  (𝑛 + 𝑚𝜆

2ℎ  )
1 − cos 𝜃𝑚

= 𝑁(𝑛 − 𝑁) + (
𝑚𝜆
ℎ

)𝑁 

𝑤 = 𝑁(𝑛 − 𝑁) + 𝑢𝑁 
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Error calculations: 

Linear equation slope and intercept uncertainties: 

Δ𝐵 = 𝐵√ 1
𝑛 − 2

(
1
𝑟2 − 1)                ;             Δ𝐴 = Δ𝐵√�̅�2 + 𝜎𝑥

2 

C.5:  

𝐵 =
𝐻
2𝜆 (𝑁 −

𝑁2

𝑛 ) ⇒ (𝑁 −
𝑁2

𝑛 ) =
2𝜆
𝐻

𝐵 ≡ 𝑐 

⇒
∆𝑐
𝑐

= √(
∆𝐵
𝐵

)
2

+ (
∆𝐻
𝐻

)
2
 

(𝑁 −
𝑁2

𝑛 ) = 𝑐 ⇒ 𝑁 =
𝑛
2

± √(
𝑛
2

)
2

− 𝑐 𝑛 

A negative sign is unacceptable in this equation. 

𝑁 =
𝑛
2

+ √(
𝑛
2

)
2

− 𝑐 𝑛 ⇒ ∆𝑁 =
𝑛

2√(𝑛
2)

2
− 𝑐 𝑛

∆𝑐 

D.6:  

𝑁𝐴(𝑛 − 𝑁𝐴) = 𝐴 ⇒ 𝑁𝐴 =
𝑛
2

± √(
𝑛
2

)
2

− 𝐴 

A negative sign is unacceptable in this equation. 

𝑁𝐴 =
𝑛
2

+ √(
𝑛
2

)
2

− 𝐴 ⇒ ∆𝑁𝐴 =
∆𝐴

2√(𝑛
2)

2
− 𝐴

 

Of course, this is calculated by ignoring the error of u and w. Since there is an h 
value in u and w, the h error causes an error in this quantity that is not included. 
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